Abstract In this paper, we establish a central limit theorem for a large class of general supercritical superprocesses with immigration with spatially dependent branching mechanisms satisfying a second moment condition. This central limit theorem extends and generalizes the results obtained by Ren, Song and Zhang [21] . We first give law of large numbers for supercritical superprocesses with immigration since there is few convergence result on immigration superprocesses, then based on these results, we establish the central limit theorem.
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m-symmetric Hunt process on E and ζ :" inftt ą 0 : ξ t " Bu is the lifetime of ξ. The semigroup of ξ will be denoted by tP t : t ě 0u. We will always assume that there exists a family of continuous strictly positive symmetric functions tp t px, yq, t ą 0u on EˆE such that
It is well known that, for p ě 1, tP t : t ě 0u is a strongly continuous contraction semigroup on L p pE, mq. Define r a t pxq :" p t px, xq. We will always assume that r a t pxq satisfies the following two conditions:
(a) For any t ą 0, we have ż E r a t pxqmpdxq ă 8.
(b) There exists t 0 ą 0 such that for all t ě t 0 , r a t pxq P L 2 pE, mq.
These two conditions are satisfied by a lot of Markov processes, see the examples in [20] .
Superprocess with immigration
Let B b pEq (Bb pEq) be the set of (positive) bounded Borel measurable functions on E. Let X " tX t : t ě 0u be a superprocess determined by the following parameters: a spatial motion ξ " tξ t , Π x u satisfying the assumptions of the previous subsection, a branching rate function βpxq on E which is a non-negative bounded measurable function and a branching mechanism ψ of the form ψpx, λq "´apxqλ`bpxqλ Let M pEq be the space of finite measures on E equipped with the topology of weak convergence. The existence of such superprocess is well known, see, for instance, [5] or [16] . X is a cádlág Markov process taking values in M pEq. For any µ P M pEq, we denote the law of X with initial configuration µ by P µ . Then X has transition semigroup pQ t q tě0 defined by ż MpEq e´ν pf q Q t pµ, dνq " expt´µpV t pf qqu, where V t pf q is the unique positive solution to the equation
ψpξ s , V t´s f pξ s qqβpξ s qds " Π x f pξ t q, (1.1)
where ψpB, λq " 0, λ ą 0. Let M pEq˝:" M pEqzt0u, where 0 is the null measure. Define ϕpf q " ηpf q`ż MpEq˝p 1´e´ν pfHpdνq, f P Bb pEq,
where η P M pEq and νp1qHpdνq is a finite measure on M pEq˝. Suppose that tpY t , G t q : t ě 0u is a Markov process in M pEq with transition semigroup pQ where V t pf q is the unique positive solution to the equation (1.1). We call tpY t , G t q : t ě 0u a superprocess with immigration associated with pQ t q tě0 or tX t : t ě 0u. For the exsitence and properties of such processes, we refer the reader to [12, 13, 14] . For any µ P M pEq, we still use P µ to denote the law of Y with initial configuration µ when there is no confusion.
Define the random set Z :" tt ě 0 : }Y t } " 0u.
In this paper, we assume that the process X, or equivalently Y , is supercritical, then clearly P µ tD t ą 0 : }Y t } " 0u " 0 or Z is bounded P µ -a.s. for µ P M pEq.
Let αpxq :" βpxqapxq and Apxq :" βpxqˆ2bpxq`ż 8 0 y 2 npx, dyq˙.
Then, by our assumptions, αpxq P B b pEq, Apxq P Bb pEq. Thus there exists M ą 0 such that sup xPE p|αpxq|`Apxqq ď M.
For f P B b pEq and pt, xq P p0, 8qˆE, define
It is well known that T t f pxq " E δx rxf, X t ys for every x P E. Then (1.1) can be written into
where ψ 0 px, λq " ψpx, λq`apxqλ, see Theorem 2.23 in [16] . It is shown in [20] that there exists a family of continuous strictly positive symmetric functions tq t px, yq, t ą 0u on EˆE such that q t px, yq ď e Mt p t px, yq and for any f P B b pEq,
It follows immediately that, for any p ě 1, tT t : t ě 0u is a strongly continuous semigroup on L p pE, mq and
Define a t pxq :" q t px, xq. It follows from the assumptions (a) and (b) in the previous subsection that a t enjoys the following properties:
(i) For any t ą 0, we have ż E a t pxqmpdxq ă 8.
(ii) There exists t 0 ą 0 such that for all t ě t 0 , a t pxq P L 2 pE, mq.
It follows from (i) above that, for any t ą 0, T t is a compact operator. The infinitesimal generator of tT t : t ě 0u in L 2 pE, mq has purely discrete spectrum with eigenvalues´λ 1 ą´λ 2 ą´λ 3 ą¨¨¨. The first eigenvalue´λ 1 is simple and the eigenfunction φ 1 associated with´λ 1 can be chosen to be strictly positive everywhere and continuous. We will assume that }φ 1 } 2 " 1. φ 1 is sometimes denoted as φ p1q 1 . For k ą 1, let tφ pkq j , j " 1, 2,¨¨¨n k u be an orthogonal basis of the eigenspace (which is finite dimensional) associated with´λ k . It is well-known that tφ pkq j , j " 1, 2,¨¨¨n k ; k " 1, 2, . . .u forms a complete orthogonal basis of L 2 pE, mq and all the eigenfunctions are continuous. For any k ě 1, j " 1, . . . , n k and t ą 0, we have T t φ pkq j pxq " e´λ k t φ pkq j pxq and
It follows from the relation above that all the eigenfunctions φ pkq j belong to L 4 pE, mq. For any x, y P E and t ą 0, we have
where the series is locally uniformly convergent on EˆE. The basic facts recalled in this paragraph are well known, for instance, one can refer to ([8] , Section 2). In this paper, since we assume that the superprocess X is supercritical, λ 1 ă 0.
Preliminaries
We will use x¨,¨y m to denote the inner product in L 2 pE, mq. Any f P L 2 pE, mq admits the following expansion:
where a k j " xf, φ pkq j y m and the series converges in L 2 pE, mq. a 1 1 will sometimes be written as a 1 . For f P L 2 pE, mq, define γpf q :" inftk ě 1 : there exists j with 1 ď j ď n k such that a
where we use the usual convention inf H " 8. Define
We note that if f P L 2 pE, mq is nonnegative and mpx : f pxq ą 0q ą 0, then xf, φ 1 y m ą 0 which implies γpf q " 1. Define
Note that C l consists of these functions in L 2 pE, mq X L 4 pE, mq that only have nontrivial projection onto the eigen-spaces corresponding to those "large" eigenvalues´λ k satisfying λ 1 ą 2λ k . The space C l is of finite dimension. The space C c is the (finite dimensional) eigenspace corresponding to the "critical" eigenvalue´λ k with λ 1 " 2λ k . Note that there may not be a critical eigenvalue and in this case, C c is empty. The space C s consists of these functions in L 2 pE, mq X L 4 pE, mq that only have nontrivial projections onto the eigen-spaces corresponding to those "small" eigenvalues´λ k satisfying λ 1 ă 2λ k . The space C s is of infinite dimensional in general.
We use xf, νy :" ş R f pxqνpdxq. And whenever we deal with an initial configuration µ P M pEq, we are implicitly assuming that it has compact support.
Excursion measures of tY t , t ě 0u
Let D denote the space of all paths tw t : t ě 0u from r0, 8q to M pEq that are right continuous in M pEq having zero as a trap. Let pA, A t q denote the natural σ-algebras on D generated by the coordinate process. It is known from [16, Chapter 8] that one can associate with tP δx : x P Eu a family of σ-finite measures tN x : x P Eu, defined on pD, Aq such that N x pt0uq " 0,
and for every 0 ă t 1 ă¨¨¨ă t n ă 8, and nonzero µ 1 ,¨¨¨, µ n P M pEq,
For earlier work on excursion measures of superprocesses, see [6, 7, 15] . Next we list some properties of N x which will be used later.
Assume that Condition 8.5 in Li [16] holds: there is a spatially constant local branching mechanism z Þ Ñ ψ˚pzq so that ψ 1 pzq Ñ 8 as z Ñ 8 and ψ is bounded below by ψ˚pzq in the sense ψpx, f q ě ψ˚pf pxqq, x P E, f P Bb pEq, then it is sufficient for the cumulant semigroup pV t q tě0 to admit the following representation for all x P E:
where λ t px, dyq is a bounded kernel on E and p1^νp1qqL t px, dνq is a bounded kernel from E to M pEq˝. Let
where pQt q tě0 denotes the restriction of pQ t q tě0 to M pEq˝. By Li [16, Theorems 9.5-9.6], pG t q tě0 is an entrance rule for pQt q tě0 and has the decomposition
where ζpdsq is a diffuse Radon measure on r0, 8q and tpG s t q tą0 : s ě 0u is a family of entrance laws for pQt q tě0 . Thus by Li [16, Theorem A.40] , there corresponds a σ-finite measure Q s pdwq on pD, Aq such that for every 0 ă t 1 ă¨¨¨ă t n ă 8, and nonzero µ 1 ,¨¨¨, µ n P M pEq,
Let F t " σpX s : s P r0, tsq. Suppose that N pds, dwq is a Poisson random measure on p0, 8qˆD independent of tpX t , F t q : t ě 0u with intensity ζpdsqQ s pdwq, in a probability space p r Ω, r F , Pq. Define another process tΛ t : t ě 0u by
The Markov property of pΛ t q tě0 follows from a similar proof as that of Li [16, Theorem 9 .29]. Moreover,
Let r F t be the σ-algebra generated by random variables tN H pAq : A P Bpr0, tsqˆA t u and
Then tpY t , H t q : t ě 0u is an superprocess with immigration whose transition semigroup is determined by pQ N t q tě0 . That is, tY, pH t q tě0 , P µ u has the same law as tY, pG t q tě0 , P µ u. Notice that, for f P L 2 pE, mq, N x px|f |, ω t yq " T t |f |pxq ă 8, which implies that N x px|f |, ω t y " 8q " 0. Thus, for f P L 2 pE, mq,
Thus, by the Markov property of the process, we have
The intuitive meaning of (2.3) is clear, given Y t , the population at time t`s is made up of two parts; the native part generated by the mass Y t and the immigration in the time interval pt, t`ss.
Estimates on the moments of tY t , t ě 0u
For reader's convenience, we first recall some results about the semigroup pT t q, the proofs of which can be found in [20] . For two positive functions f and g on E, by f pxq À gpxq, we will denote the fact that there exists a constant c ą 0 such that f pxq ď cgpxq for any x P E (whose exact value is not relevant to following calculations).
Lemma 2.1 [20, Lemma 2.4] For any f P L 2 pE, mq, x P E and t ą 0, we have
where the series in (2.4) converges absolutely and uniformly in any compact subset of E. Moreover, for any t 1 ą 0,
Lemma 2.2 [16, Proposition 9.14] Suppose that ş
MpEq˝ν p1q 2 Hpdνq ă 8. Then for t ě 0, µ P M pEq and f P B b pEq we have
and
where t Ñ T t f is defined by (1.4) and Γ pf q " ηpf q`ş MpEq˝ν pf qHpdνq. for any k ě 1, j " 1, . . . , n k .
For f P L 2 pE, mq X L 4 pE, mq, and x P E, it follows from Hölder's inequality that
Thus, using a routine limit argument, one can easily check that (2.7) and (2.8) also hold for f P L 2 pE, mqX L 4 pE, mq under Assumption 2.1. 
:" A 1 pt, xq`A 2 ptq`A 3 ptq.
We have already known from the proof of Lemma 2.3 in [20] that for t ą 3t 0 ,
Thus, by similar estimate to (2.17), we have
Let l " t´s, by the dominated convergence theorem, we have as t Ñ 8, 
exists P µ -a.s. and in L 2 pP µ q for any k ě 1, j " 1, . . . , n k .
pE, mq with λ 1 ą 2λ γpf q and Γ pφ pγpfj q ă 8, then as t Ñ 8,
Proof. By using the moment estimates of Y , the proof is similar to that of [20 
In particular, the convergence also holds in P µ -probability.
Central limit theorems for tY t , t ě 0u
For f P C s and h P C c , we define For gpxq " ř
h ă 8 and β 2 g ă 8. Furthermore, it holds that, as t Ñ 8,
where . They all hold in our situation only with X t replaced by Y t . We will not restate them here.
Proof of the central limit theorem of Y
The general methodology is similar to that of [20] and [21] . We recall some facts about weak convergence which will be used later. For f : R n Ñ R, let }f } L :" sup x‰y |f pxq´f pyq|{}x´y} and }f } BL :" }f } 8`} f } L . For any distributions ν 1 and ν 2 on R n , define
Then d is a metric. It follows from [9, Theorem 11.3.3] that the topology generated by d is equivalent to the weak convergence topology. From the definition, we can easily see that, if ν 1 and ν 2 are the distributions of two R n -valued random variables X and Y respectively, then
Before the proof of Theorem 3.2, we prove several lemmas first. The first lemma below was proved in [21] , we state it here for reader's convenience. Recall the excursion measure N x defined by (2.2) on the probability space pD, Aq, define Proof. We need to consider the limit of the R 2 -valued random variable defined by
or equivalently, we need to consider the limit of U 1 ps`tq as t Ñ 8 for any s ą 0. For s, t ą t 0 ,
, e λ1pt`sq{2 xT s f, Y t y¯.
We will prove that the second term on the right hand has no contribution to the double limit, first as t Ñ 8 and then s Ñ 8. The double limit of the first term is equal to another R 2 -valued random variable U 2 ps, tq where
We claim that
where
f psqq with σ 2 f psq to be given later. Denote the characteristic function of U 2 ps, tq under P µ by κpθ 1 , θ 2 , s, tq: We claim that, as t Ñ 8,
For the first term on the right hand side of (3.2). By the results in [21] , for any u ă t, lim sup tÑ8 e λ1t rT t php¨, s, tqqs ď lim sup tÑ8 e λ1t rT t php¨, s, uqqs " xhp¨, s, uq, φ 1 y m φ 1 pxq.
Letting u Ñ 8, we get lim tÑ8 e λ1t rT t php¨, s, tqqs " 0. For the second term, we have
By the dominated convergence theorem,
For the last two terms on the right hand of (3.1), we know from (1.5) that V t |f |pxq ď T t |f |pxq for all t ě 0 and x P E.
Thus by (2.15), we geťˇˇˇˇe xp
Hence by the dominated convergence theorem, we get
Since e λ1pt`sq xφ 1 , Y t`s y´e λ1t xφ 1 , Y t y Ñ 0 in probability, as t Ñ 8, we easily get that under P µ , Combining the above estimates, we will get the desired result by first letting t Ñ 8 and then letting s Ñ 8. l
Lemma 3.4 If f P C s and h P C c . Theń
Proof. We will use the idea suggested in [21] with some modifications to prove the result. In the proof, we always assume t ą 3t 0 . We define an R 3 -valued random variable by
Let n ą 2 and write
To consider the limit of U 1 ptq as t Ñ 8, it is equivalent to consider the limit of U 1 pntq for any n ą 2. The main idea is as follows. For t ą t 0 , n ą 2,
We will prove that the second term on the right hand has no contribution to the double limit, first as t Ñ 8 and then n Ñ 8. The double limit of the first term is equal to another R 2 -valued random variable U 2 pn, tq where
Denote the characteristic function of U 2 pn, tq under P µ by κ 1 pθ 1 , θ 2 , θ 3 , n, tq. Define
{2 e λ1t{2 xh, X t y, Z 2 pt, θ 3 q :" θ 3 e λ1t{2 xf, X t y, t ą 0, and
We define the corresponding random variables on D by r Z 1 pt, θ 2 q, r Z 2 pt, θ 3 q and r Z t pθ 2 , θ 3 q. Using an argument similar to that leading to (3.1), we get 
For J 2 pn, tq, by an similar argument as in (3.2), we have J 2 pn, tq Ñ 0 in probability, as t Ñ 8.
We can use the same method as in the proof of (3.3) that the last two terms on the right hand side of (3.6) tend to 1 as t goes to infinity. Hence, combining the above calculations, we get that Using the same method as the proof of (3.4) with s " pn´1qt, and then letting t Ñ 8, we get e λ1nt P µ pxT pn´1qt f, Y t yq 2 Ñ 0.
The proof is now complete. Note that the sum over k is a sum over a finite number of elements. Define Since N x xI u g, w u y " P δx xI u g, X u y " gpxq, we get N x pH 8 q " gpxq and by (3.37) and (3.38) in [21] , 
